A method of constructing 19-point cubature formulas with degree of exactness 9 is given for two-dimensional regions and weight functions which are symmetric in each variable. For some regions, e.g., the square and the circle, these formulas can be reduced to 18-point formulas.
1. Introduction. We consider cubature formulas, (1) ffw(x-y)f(*. y)dxdy s £ wkf(xk, yk), R k=i which are exact for all polynomials in x and y of degree <d but not for all polynomials of degree d + 1. Such formulas are said to have degree d.
According to Rabinowitz and Richter [1] , we say that formula (1) is a 'good'
formula if it has all of its points (xk, yk) inside the region R and all of its coefficients wk positive. We assume that R is a symmetric region (i.e., (x, y) G R implies (±x, ± v) G R) and that w(x, y) is symmetric in x and y and nonnegative. In several recent publications [1] - [5] , cubature formulas are computed which have the minimum number of points for their degree. Minimum-point formulas are closely connected with the theory of orthogonal polynomials [6] . This theory, however, is not yet sufficiently developed to give practical results in the case of high degree of exactness (d > 7). For 9 < d < 15, Rabinowitz and Richter [1] have computed perfectly symmetric formulas, by solving a system of nonlinear equations. For d = 9, the number of points in their formulas is N = 20.
Until now, no formulas of degree 9 with less than 20 points were known for the square; for the circle, only one 19-point formula is computed by Albrecht [7] . In this note, we describe a numerical method for the construction of 18-and 19-point formulas, if they exist.
It is very likely, but not proved, that for the square and the circular domain with weight function w(x) = 1 the 18-point formulas constructed in this way are minimumpoint formulas.
2. Method of Construction. Since the region and the weight function are symmetric, it is reasonable to consider only symmetric formulas. Firstly, we construct 19-point formulas. As we shall show further, these formulas must have at least 12 points (xk,yk) with xk =£ 0 and yk ¥= 0. We consider then the formula, JJw(x,y)f(x,y)dxdy For the computation of the coefficients wk and the points (xk, yk) of (2), we have the following set of equations Here a and ß are natural numbers and maß = JJ w(x, y)xayßdxdy. R Firstly, we choose x2, x3 and v3 arbitrarily. The system of six equations (3.a) can then be solved explicitly where m* 8 = ma ß -4w\xc3ty3t. Formula (4) shows that the coefficient w3 corresponding to the arbitrarily chosen point (x3, y3) is independent of the position of the other points and also different from zero (except perhaps for exceptional regions or weight functions). This means that a symmetric formula of degree 9 requires at least three points in each quadrant of the region.
We consider now the set of four equations (3.b) into which we substitute the free parameters x2, x3 and y3 and the computed values wx, xx,yx, w2 and y3. The first two of these equations can be used for the computation of w4 and x4. The remaining two equations of this set are then considered as a system of two simultaneous equations in the unknowns x2, x3 and y3. This will generally leave one free parameter, say y3. The system of nonlinear equations in the unknowns x2 andx3 must be solved numerically. The parameters y5, y6, ws and w6 are then computed by solving the system In order to obtain an 18-point formula of degree 9, we consider w7 as a function of y3
and we solve the equation wn(y3) = 0 (if there exists a real-valued solution). We conjecture that the 18-point formulas computed in this way are minimum-point formulas.
For several regions and weight functions, we have carried out numerical experiments. We summarize the most important results in the following section.
3. Some Results, (i) For the square R -C2 = {(x, y): -1 < x, y < 1} and w(x, y) = 1 infinitely many 'good' 19-point formulas of degree 9 exist. There are also at least two 'good' 18-point formulas, the parameters of which we give in Tables 1 and   2 (ii) For the circle R = S2 = {(x, y): x2 + y2 < 1} with w(x, y) = 1, infinitely many 'good' 19-point formulas of degree 9 exist. We have also computed one 18-point formula which has, however, four of its points outside S2 (see Table 3 ). The points of this formula are the common zeros of the orthogonal polynomials PQ + Aj^» -^o "*" A number of the 19-point formulas for C2, S2 and Er2 are tabulated in [8] . 
